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Floating-point IEEE-754 representation

IEEE-754 defines a standardized FP representation

FP64 (double): 1 (sign) / 11 (exp.) / 52 (mantissa)
FP32 (double): 1 (sign) / 8 (exp.) / 23 (mantissa)
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Reducing precision

IEEE-754
FP64 (double): 1 (sign) / 11 (exp.) / 52 (mantissa)
FP32 (double): 1 (sign) / 8 (exp.) / 23 (mantissa)

Shift from FP64 towards high throughput smaller datatypes
Strong trend driven by AI workloads
Neural network using lower-precision TF32, FP16 and BF16
Gain in throughput performance and energy efficiency
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Mixing precisions

1 bit

FP32 FP64

double-single plus iterative refinement
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Mixing precisions

1 bit

FP16

bfloat

FP32 FP64

double-single plus iterative refinement
double-single-half/ bfloat
over 100 works on mixed precision a

aNicholas Higham and Théo Mary. ‘Mixed Precision Algorithms in Numerical Linear
Algebra’
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Mixing precisions

1 bit

FP16

bfloat

FP32 FP64 FP80 FP128

double-single plus iterative refinement
double-single-half/ bfloat
over 100 works on mixed precision

extending precision for exact or more accurate computations
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Mixing precisions

1 bit 2098 bits

FP16

bfloat

FP32 FP64 FP80 FP128 long acc

double-single plus iterative refinement
double-single-half/ bfloat
over 100 works on mixed precision

extending precision for exact or more accurate computations
floating-point expansion with error free transformation (twoprod &
twosum)
long accumulator

Mixed-precision algorithm is an algorithm that reliably and
effectively combines multiple precisions and techniques
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Krylov-type Solvers
Preconditioned Conjugate Gradient

Ax = b

while (τ > τmax)

Step Operation Kernel Communication
S1 : w := Ad SPMV Allgatherv*
S2 : ρ := β/< d,w > DOT product Allreduce
S3 : x := x+ ρd AXPY –
S4 : r := r − ρw AXPY –
S5 : z := M−1r Apply preconditioner –
S6 : β := < z, r > DOT product Allreduce
S7 : d := (β/βold)d+ z AXPY-like –
S8 : τ := < r, r > DOT product Allreduce

end while
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Robustness of Algorithms

Robustness: accuracy and
reproducibility
FP ops are non-associative :
(−1 + 1) + 2−53 ̸= −1 + (1 + 2−53)

Non-reproducibility in PCG: dot,
axpy, and spmv

→ Solution : ExBLAS (ParCo15,
NRE15, JCAM, IJHPCA)

3D Poisson equation with 27
stencil points and tol = 10−8
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Sustainable algorithms

Idea
lagom - not too much, not too little, just the right amount

Analysis w tools → Strategy → Revision of algorithms

1 arithmetic tools applied to codes → manual / automatic

2 if the reduction is possible, apply algorithmic solutions
3 conduct probabilistic (aka optimistic) error analysis

error bound with constant
√
nµ with high probability

4 implement on hardware with stochastic rounding support –
randomly maps x to one of two bounds
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Analysis with tools: VerifiCarlo

– an automatic tool for debugging and assessing FP
precision based on Monte Carlo Arithmetic

Backends: debugging (MCA) and mixed-precision (Vprec)

Eg setting r = 5 and p = 10, VPREC simulates a binary16
embedded inside a binary32
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VerifiCarlo-Vprec Example

The Newton-Raphson method for inverse of πa

aPablo Oliveira et al. Automatic exploration of reduced floating-point representations
in iterative methods. Euro-Par 2019
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EuroHPC JU CoE CEEC: 2023-26
Center of Excellence for Exascale CFD

Sustainable algorithmic solutions with mixed-precision and tools

Consortium codes: Neko, NEK5000/ NekRS, FLEXI, waLBerla
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Nekbone test case

NEK5000 is a high order, incompressible Navier-Stokes solver
based on the spectral element method

Nekbone solves a Poisson equation using a Conjugate Gradient
method with a simple or spectral element multigrid preconditioner

AMG benchmark – parallel algebraic multigrid solver for linear
systems arising from problems on unstructured grids

Two solvers: CG and GMRES
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Nekbone w Vprec
Basic example w/o preconditioner

Ax = b

while (τ > τmax)

Step Operation
S1 : w := Ad
S2 : ρ := β/< d,w >
S3 : x := x+ ρd
S4 : r := r − ρw
S5 : z := M−1r
S6 : β := < z, r >
S7 : d := (β/βold)d+ z
S8 : τ := < r, r >

end while
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Nekbone w Vprec
Multigrid Preconditioner Example

Ax = b

while (τ > τmax)

Step Operation
S1 : w := Ad
S2 : ρ := β/< d,w >
S3 : x := x+ ρd
S4 : r := r − ρw
S5 : z := M−1r
S6 : β := < z, r >
S7 : d := (β/βold)d+ z
S8 : τ := < r, r >

end while
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Nekbone w Vprec
Multigrid Preconditioner Example: PCG

20 MCA samples for the previously found VPREC configuration

simulate binary32

Ax = b

while (τ > τmax)

Step Operation
S1 : w := Ad
S2 : ρ := β/< d,w >
S3 : x := x+ ρd
S4 : r := r − ρw
S5 : z := M−1r
S6 : β := < z, r >
S7 : d := (β/βold)d+ z
S8 : τ := < r, r >

end while
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Summary

mixed-precisions is a way toward sustainable computing

employ computer arithmetic tools for
numerical abnormalities detection
precision requirements inspection
numerical CI etc

Yales2 CFD application with the DPCG solver: 16 % energy gain
Automatic exploration of reduced floating-point representations in iterative methods.

Chatelain, Petit, de Oliveira Castro, Lartigue, Defour. Euro-Par 2019

Thank you for your attention !
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AMG w Vprec

AMG-PCG
Laplace type problem
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Non-linear time-dependent problem
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